Energy rational use has been extensively studied in the past fifty years but the challenge of optimal use of energy resources continues. This paper is about artificial grain drying, an intensive energy consuming industrial process. Constructal Theory guided the search of the superior limits of grain drying. By maximizing the utilization of drying gas moisture removal and carrying capability, we address the fundamental problem of determining the best strategies to minimize the specific energy consumption. Results shed some light on sizing drying chambers for given conditions. The drying gas moisture carrying capability almost doubled while the drying gas mass flow rate decreased six times. Numerical values of thermal efficiency indicate a potential improvement of the grain drying process from 14.28% for constant drying air delivery, up to 27.53% when the best variable drying air delivery strategy is employed.
INTRODUCTION
Energy related environmental issues are among the main concerns and policies in the world. Harvested grains, whether for food or feedstock for biofuel production, require energy for proper handling and storage. Grain drying follows harvest in order to sustain the main properties of the grains during the storage period and often again for further industrial processing (e.g., oil mills). The moisture content must be reduced to specified levels established for each kind of grain (e.g., [1, 2] ). One of the major challenges is to carry out proper drying with productivity that meets the seasonal concentrated demand during the harvest season with the least energy expenditure.
Most of the large grain crops are dried artificially. Artificial drying takes place when the drying gas, most often ambient air, is heated and blown on the grains [3] . The process usually takes place in equipment or units called dryers. Dryers continue to be a topic of interest for either to improve quality [4, 5, 6] , productivity [7] or energy efficiency [5, 7, 8] .
Drying aims to remove only free water from the grains. Water at the surface is transferred to air by external convection. The latter process creates conditions for water to move from inner parts of the grain to the outer surface in a diffusive process.
An increase in temperature on the grain's outer surface leads to a local decrease in the partial pressure of water in the air film surrounding the grain. This, in turn enhances water (moisture) mass transfer potential. This process enhances outward diffusion of water until equilibrium between partial pressures is achieved. This effect suggests that there may be two controlling mechanisms of the drying process, namely, the external convection and the internal diffusion. When the two flows do not match, either energy is wasted or grains are improperly dried (e.g., over drying, seedcoat cracks).
The heat and mass transfer in the drying process have been modelled in many ways and for different types of dryers and materials [4, 5, [7] [8] [9] [11] [12] [13] [14] . Grains are not dried individually; they are packed forming a porous medium [17] . The drying process can be modelled as thin layer, or as deep bed [4, 5, 7, 8, 13 and 14] . The internal diffusion can be detailed [4, 15] or treated empirically [6, 11, 12] . Convection in the porous medium can be modelled [4, 13] or also be treated empirically [5, 6] .
Beyond the understanding of the phenomena present in a dryer, there is the design of dryers itself. We investigate the limits and conditions in which a dryer design may evolve. We consider Design with Constructal Theory [16] , which is based on the Constructal Law: "For a finite-size system to persist in time (to live), it must evolve in such a way that it provides easier access to the imposed currents that flow through it".
Overall, one expects a dryer design that would provide higher productivity, quality and less energy expenditure.
In the present case, the finite-size system is the finite-size dryer that drives the moisture from the grains to flow to ambient air in a finite-time. With a specified productivity and quality, the prevailing designs will be the ones that most facilitate the transfer of moisture from the grains to the air. Ultimately, they will be the designs that require the least energy effort.
The energy expenditure is related to the drying gas mass flow rate when an operating temperature is specified.
A first design step is to consider only regimes that sustain a balance between internal mass diffusion and external S151 convection mass transfer in the soybeans packed bed.
In this paper we address the fundamental problem of how to deliver the minimum drying gas mass flow rate to the drying chamber while holding the balance between internal mass diffusion and external convection mass transfer.
We perform additional two steps in the design. First the geometry (height and length) of the drying chamber is determined and later we calculate the distribution of mass flow rate of the drying gas along the column.
We use a model of a continuous mixed-flow grain dryer and soybeans as an example. The objective function to be maximized is the drying air specific humidity in kilograms of vaporized moisture per kilograms of drying gas.
The thermodynamic model considers mass balance for grains, dry air and water and energy balance equations, as well as empirical relations for the hygroscopic kinetics. The single column bed is divided into finite size elemental cells (control volumes).
The resulting mathematical model is non-linear and it is solved numerically by an iterative procedure.
Results showed that it is possible to determine the appropriate geometry of a drying column as well as to deliver drying air to achieve nearly 27.5% of thermal efficiency to dry soybeans by mixed-flow dryers.
There is a major gain when drying air mass flow is selectively distributed along the column.
The result is a contribution to establish operating limits for finite-time and finite-size drying units and how the design of grain dryers can evolve.
BASICS OF CONTINUOUS MIXED-FLOW GRAIN DRYER OPERATION
The continuous mixed-flow grain dryer works in a sequence of unit processes that can be separated into four control volumes, namely, a heater, a drying chamber, a heat exchanger and a cooling chamber (Fig. 1) .
Energy input takes place at the heater where the drying air is heated up to a prescribed temperature. The hot drying gas stream meets the moist grains stream in the drying chamber. Grains then follow to the fast cooling chamber where they are brought to near ambient temperatures (this step is necessary in order to prevent re-absorption of moisture). Some dryers may recover heat at the cooling chamber and also in a second heat exchanger. In the heat exchanger, residual sensible and latent heat of the humid air from the drying chamber are transferred to the warmed air that has just cooled the grains or air intake from the ambient.
Continuous mixed-flow grain dryers make use of gravity to move grains throughout the drying chamber, but it requires energy to elevate them. Typically an external bucket elevator system moves the grains to the top of the dryer. Figure 2 illustrates the core of the drying chamber of a continuous mixed-flow grain dryer. As shown in Fig. 2 , moist grains crosses the drying chamber nearly vertically while hot drying gas flows horizontally. The process throughout the drying chamber reduces the grains moisture content and also increases the temperature of the grains. During the process of moisture removal, some of the internal energy of the hot, low relative humidity drying gas is used to evaporate the grains liquid water content. Often not all enthalpy content of the hot air is spent in the drying process.
In order to increase the energy efficiency of the whole drying plant, some of the internal energy of the humid air that leaves the drying chamber is recovered in the heat exchanger as outlined in Fig. 1 . Inside the heat exchanger the air stream gradually increases its temperature to then go through the heater. Streams are not mixed in this heat exchanger.
Warm recent dried grains may spontaneously pick up moisture from the atmosphere later during the storage, and for that reason they must be quickly cooled down. That process requires a cooling chamber that is placed right after the drying chamber.
The cooling chamber presents itself as another energy recovery opportunity: some of the grains internal energy can be transferred to the ambient air intake before it enters the heat exchanger.
The drying chamber is the core of a drying plant, and it is under scrutiny.
Continuous mixed-flow grain dryer physical model
We turn our attention to the grains moisture removal process inside the drying chamber (Fig. 2) . The internal design of the drying chamber as well as the grains and drying gas streams shown in Fig. 2 may be decomposed into a repetitive pattern of many adjacent elemental drying chambers, as shown in Fig. 3 . The physical model employed in this paper is thus represented by the simple column-drying chamber in Fig. 4 . It represents a three-dimensional domain crossed vertically by the moving bed of grains and horizontally by the drying gas flow. 
We consider the simple column-drying chamber shown in Input of uniform and constant moist grains takes place at the top of the chamber in also constant and uniform mass flow rate. Drying gas enters the left of the column in a specified uniform temperature T * .
The drying process reduces the grains moisture content (kg water/kg dry solid) from a specific initial value M0 (at the top) to a final specified value Mf (at the bottom). The grain bed, consisting of grains at their bulk density g, slowly moves downward by gravity. The grain bed's linear velocity Ug is aligned with Oz direction while the hot drying air cross-flow is aligned with Oy direction. Both the grain bed's velocity and the hot drying air velocity, Ug and Ua, are assumed constant.
Convective mass and heat transfer coefficients in the outer surface of the grains vary little with both linear velocities held constant [9] . The mathematical problem consists of computing the temperature of the grains, the temperature of the drying gas, the grains' moisture content as well as the drying gas humidity distributions throughout the L × H domain (a unitary vertical slice).
Additional hypotheses are stated below:  steady-state operation of the grains dryer;  heat losses are negligible;  drying air flows mainly along the Oy direction;  grains flow mainly along the Oz direction;  internal diffusion is the predominant mechanism of mass transfer inside the grains;  mass transfer between the grains external surface and the drying gas is limited by the moisture carrying capability of the drying air and it is constrained by the grains equilibrium moisture content;  thermodynamic equilibrium between the solid and liquid phases;  instantaneous thermodynamic equilibrium between the drying gas and the vaporized moisture;  all flows throughout the dryer are considered constant pressure flows;  the linear distribution of the grains temperature along the Oz direction already available in the literature [18] is used to simplify the modeling;  grain flow mass rate is uniform. The mathematical model employed in this paper derives from the equations of mass and energy conservation applied throughout the simple column-drying chamber. In order to discretize the domain, a three-dimensional coupled finite control-volumes scheme was used as shown in 
where M is the grain average moisture content variation, , and represents the constant mass flow rate of dry air entering the elemental finite control volume and  gives the drying air specific humidity variation.
The grain average moisture content M in a given time can be obtained by the diffusive model in Eq. (2), here used to describe the drying kinetics of grains [19] . 
with Def representing the effective mass diffusivity of water inside the grain, d stands for the mean diameter of grains and t the residence time. The equilibrium moisture content of grains Meq indicates the lower grains moisture content for some given conditions of drying gas humidity and temperature. In the section (3) we present Meq and Def that will be defined in Eqs. (5) and (6) (3): (3) where cpg, cpw and cpa respectively represent the specific heat at constant pressure of the grains solid material, of the liquid water inside the grains and of the dry air; Tg and Ta respectively indicate the temperature of the grains solid material and its liquid water content and the drying air temperature; hw stands for the mass specific enthalpy of the slightly superheated water vapor and  ' w w h dh / dT its first derivative. The last two variables are known functions of temperature.
Equation (3) was written down assuming no mechanical interaction between the elemental control volume in Fig. 5 and its surroundings. Also kinetic energy or potential energy variations are negligible.
We also consider the approximation of water slightly superheated-vapor properties by the saturated-vapor properties at the same temperature in order to calculate the mass specific enthalpy of the water vapor [20] .
NUMERICAL PROCEDURE
The numerical procedure is presented in the appendix for the sake of the paper layout.
In section 4 we present the results of two simulations, namely, with constant and variable drying air dimensionless mass flow rate along the drying column.
RESULTS AND DISCUSSION
Typical values for industrial soybeans dryers operation considered in this paper are the initial grains moisture content M0 = 22% (dry basis) and the final moisture content Mf = 15% (dry basis), the atmospheric conditions T0 = 20 0 C, P0 = 10 5 Pa, 0 = 60 %, 0 = 0.0089 and the drying gas temperature T * = 90 0 C at the drying chamber inlet, also d = 0.006 m the mean equivalent diameter of soybeans.
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The
That is, a way that the use of the drying gas moisture removal and carrying capability is maximized along the column. Figure 6 . Strategy to maximize the utilization of the drying gas moisture removal and carrying capability (a -constant and b -variable drying gas mass flow rate delivering)
The charts in Fig. 6 show the geometry of the drying column and the drying gas mass flow rate when (a) it is constant and (b) when it varies in order to maximize the utilization of drying gas moisture removal and carrying capability.
The parameter m * represents the fraction of overall drying air mass flow rate delivered for each slice: (12) For the constant drying gas mass flow rate case we determined the best value of in regard to the first horizontal slice and then held it constant for all horizontal slices, while for the variable drying gas mass flow rate delivery case we determined an optimal value for each slice.
The effectiveness of the drying strategies can be further understood by looking at the variation of the air moisture gain in both cases. It is expressed by the hot drying gas specific humidity  throughout the simple column-drying chamber in the charts of Fig. 7 . There, we plotted the iso-humidity lines,  = constant. The higher the value, the higher the moisture gain in the air, since the inlet humidity is given by 0 along the entire column. The other parameters used in the charts are defined as H * = Ugt/(Ugt * ) = t/t * , L * =1 and the drying time t* is determined according to Eqs. (13)-(15). 273.15
The iso-humidity lines shown in Fig. 7a indicates that when the airflow rate is uniform, the specific moisture gain in more than three-fourths of the drying chamber is below 0.0091 (0.018 -0.0089) kilogram of water vapor for each kilogram of dry air. In some portions of the chamber (nearly one fourth) the moisture gain is almost insignificant, that is   0. On the other hand, the effectiveness of the optimized air delivery can be appreciated by looking at the higher values of  across the chamber of Fig. 10b and also by the progressive increase along the horizontal direction. For instance, at halfway point of the horizontal pass, the airflow reaches  = 0.0246 along the entire vertical slice, whereas with the constant flow rate it only reaches that level in the top-right corner of the chamber.
Another way to look at the performance of both gas delivery strategies is in regard to enthalpic (energetic) variation along the drying chamber. That is shown directly based on the temperature of the gas with the aid of isotherm lines (Fig. 8) .
In the uniform airflow case (Fig. 8a) , a large amount of drying gas leaves the drying chamber at temperatures between 35 C and 84 C. That strongly suggests that part of the energy used to heat up the drying gas was wasted since the ambient temperature was 20 C and the inlet temperature was 90 C after heating efforts.
In Fig. 8b one can notice that enthalpy of the hot gas is evenly used. That is, the isotherm lines are almost vertical and all the airflow leaves the chamber with temperatures lower than 36 C.
The moisture carrying capability of the drying air can be seen by the relative humidity () internal distribution throughout the simple column dryer that is shown in Fig. 9 . The relative humidity of an air and water vapor mixture varies with temperature and the amount of water content, thus resulting in energy and mass transfer that take place in the drying chamber. In regard to the potential of mass transfer, lower values in the charts of Fig. 9 indicate larger moisture transfer potential (an increase in temperature of the ambient air reduces its relative humidity). In regard to how effective is the process within the drying chamber, the higher the value at the outlet, the better balance between the moisture removal and the enthalpy (energy) use. The top limit value is given by local hygroscopic equilibrium conditions.
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The chart in Fig. 9a , in which the airflow was uniform, confirms and summarizes the trends shown in the charts of Fig. 7a and 8a: that a large amount of hot drying gas is not properly used to carry grains moisture. Almost all the airflow leaves the drying chamber with values below 20% of the relative humidity. Values of  in Fig. 9b indicate that the variable drying gas delivery strategy optimization of the drying chamber is effective in order to maximize the utilization of the drying gas moisture removal and its carrying capability. At the outlet, all the airflow reaches 76% or higher of relative humidity. The lower limit for the air outlet temperature is directly related to the amount of moisture absorbed by it, while the higher limit for the air relative humidity is determined by the used potential of moisture removal.
After looking at the three indicators of how the hot air exchanges water and energy throughout the single column dryer chamber, we finally can take a look at the grains' side.
Numerical results in Fig. 10 show the grains relative humidity (M) internal distribution throughout the simple column dryer. The constant-M curves in this figure show that the moist grains humidity vary largely at the beginning of the drying process (top), while only small variations occur when low humidity grains get in contact with the drying gas (bottom). This result agrees with experimental data in actual grain dryers. In sum the optimized vertical distribution of drying air doubled the performance of the uniform distribution and yet it used nearly one sixth of the overall drying air mass flow rate.
We also compared the thermal efficiency, e, of the simple column-drying chamber of both cases of drying air delivery in order to evaluate the contribution of the variable airflow rate along the drying column. The efficiency was calculated by the formulae shown below [22]: (16) The thermal efficiency of the grain drying process showed improvement from 14.28%, achieved by the uniform drying air flow rate, to 27.53% when the variable and optimized drying air delivery was employed.
CONCLUSIONS
In order to improve the energy efficiency of grain drying plants, we addressed the fundamental problem of determining designs that minimize the specific energy consumption via maximizing the utilization of drying gas moisture removal and carrying capability.
We focused on a single column-drying chamber of a mixedflow dryer. The internal geometry of the drying chamber, the grains flow and drying gas flow were decomposed into a repetitive structure of many adjacent elemental drying chambers. That assumption resulted in a three-dimensional domain crossed vertically by the moving layer of grains and horizontally by the drying gas flow as a simple column-drying chamber.
Following the Constructal Law, we considered that the better designs will be the ones which provide a balance S156 between the outwards water diffusion within the grain and the superficial convective removal of moisture from the grains surface, that is, the moisture flow is facilitated until its upper limit.
Numerical integration of the mathematical model was performed based on a coupled control volumes method. Second Law of Thermodynamics was monitored by checking whether the entropy generated [20] was larger or equal than zero.
We considered a uniform distribution and a variable distribution of drying air mass flow rate along the height of the drying column. The distribution of drying gas absolute humidity and relative humidity, and the drying gas temperature, as well as the grains moisture content throughout the column dryer were computed numerically and presented in charts.
Based on the grain inlet conditions and column length, we determined the drying air mass flow rate for two cases. In the first case, the mass flow rate exits the top layer with all its carrying capability used and its magnitude is applied along the entire column. In this case carrying capability is wasted in all following layers. In the second case the mass flow rate varied along the height in order to ensure minimum (or none) waste of the carrying capability.
The height (H) of the drying column provides residence just enough for the grains to exit the column with the desired moisture content. The height is directly related to drying air mass flow rate magnitude and its variation along the vertical direction. Overall, the drying gas moisture carrying capability almost doubled while the drying gas mass flow rate decreased six times.
When the variable air mass flow rate is delivered the drying time increases six times while the thermal efficiency doubles. A compromise between productivity, installed costs and energy efficiency from the design domain will fit particular needs.
The design domain for other types of grains, inlet temperature and column length can be further estimated after the fundamental contribution presented in this paper.
Besides the drying chamber, the configuration and synthesis of a whole plant presents itself as another opportunity to evolve design in the direction of higher efficiency.
APPENDIX
The technique of numerical discretization employed in this work consists in dividing the simple column dryer into n  k elemental control volumes of dimensions W  L/k  H/n, as shown in Fig. A.1 . All together, the k elemental control volumes (i, 1jk) along the horizontal direction Oy form a W  L  H/n "horizontal slice".
The computation starts with the first elemental control volume of the first "slice" (the left top side of the physical domain in Fig. A.1) , where the initial grains temperature and moisture content have known values. Our numerical code determines iteratively the variations of drying air temperature and specific humidity, Ta and , until the conditions   Based on resulting Ta and , we calculate the drying air temperature and specific humidity of the drying air leaving the first elemental control volume. They both turn to be the drying air temperature and specific humidity at the inlet of the second elemental control volume. This procedure repeats itself for the whole domain.
Likewise the calculations of the grains bed proceed within each elemental control volume and for the whole domain.
The numerical procedure solved two distinct simulations. The first one is illustrated in Fig. A.2 .a, in which the drying gas mass flow rate is uniform across the height of the column. This simulation will be used as reference for an optimization attempt.
The approach to optimize the simple column-drying chamber is outlined in Fig. A.2 . It consists of delivering the least drying gas mass flow rate along each "horizontal slice" in such a way that it maximizes the utilization of the drying gas moisture removal and carrying capability.
The numerical procedure to obtain the least drying gas mass flow rate starts with a small guess for . The variable is then progressively increased until the local mass flow rate of grains leaves the elemental control volume with the lowest moisture content.
In every iteration the procedure ensures that the condition of local hygroscopic equilibrium restriction holds, that is, M is always greater than the local Meq.
The temperature of the grains along the Oz direction is assumed to vary linearly [18] and Tg is also an initially guessed parameter. The temperature needs to be adjusted in order to produce the smallest possible temperature difference between the drying air and the dried grains when both exit the drying chamber. The relative and specific humidity of the drying gas at the inlet of the simple column drying chamber (first, left-most vertical slice) (1,1) = (1≤i≤n, 1) =  * and (1,1) = (1≤i≤n, 1) = 0 are determined based on the atmospheric conditions (T0, P0, 0, 0). That calculation is associated with the -constant isobaric process that takes place in the heater in order to raise the temperature of drying gas up to T * = Ta(1,1) = Ta(1≤i≤n, 1).
Calculations for the second control volume of the top slice when i=1 and j=2 were based on the same local residence time ∆t and the following initial conditions: (1, 2) and (1,2). 
A new horizontal slice is added to the simple column drying chamber height and computation proceeds based on the same dimensionless drying gas mass flow rate until M (j+1)=Mf, when the drying process is finished. The number of horizontal slices, n, will be set as the last value of i.
While is an initially guessed parameter and its numerical value may be adjusted to determine a certain value of k, the value of n depends on the duration of the drying process. It represents one very important result of this mathematical modelling.
The assumption of thermodynamic equilibrium between solid and liquid phases or between the gaseous phases warrants the temperature of grains solid material and the temperature of its moisture content to be equal to Tg. It also ensures that the temperature of dry air and its water vapor content are also equal to Ta. We consider that the geometry of the drying gas inlets and outlets sketched in Fig. 2 will provide a continuous mixing of grains as they move downward along the column slab model shown in Fig. 4 . In order to numerically capture effects of such mixing we assume that the moisture content of all grains entering the (i+1)-th "horizontal slice" is given by the grains bulk moisture content M (j+1) calculated as the average moisture content of the grains that leave the i-th slice above.
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Figure A.3. The constant (a) and the variable (b) drying gas mass flow rate delivering strategies Empirical data available in the literature [18] indicates that the grains bulk temperature Tg distribution along a simple column drying chamber can be assumed to be a linear function of z. Nevertheless an analytical formulation of Tg(z) must ensure that the drying gas temperature throughout the drying chamber will always be greater than the grains bulk temperature.
In the cases in which we considered a variable drying gas mass flow rate delivery, instead of determining the numerical value of based on the first slice and then holding it constant for all slices, we determine an optimal value for each horizontal slice as suggested in Fig. A.2 .
Successive refinements of the local residence time ∆t are used to verify the convergence of the numerical results. The results of a less refined mesh corresponding to ∆t are compared to the results of a finer mesh with a local residence time of ∆t/2. Mesh refinements are considered satisfactory when the relative errors criteria for the drying time and m were satisfied, namely, 
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